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1 INTRODUCTION

SUMMARY

We apply a forward-propagator method to calculate shear wave splitting parameters for
general (3-D) weakly anisotropic upper mantle structures. The approach is valid under
the assumption that the ray paths of the two quasi-shear (¢S) waves can be approxi-
mated by a common reference ray within an isotropic background medium. Along
the reference ray the incremental splitting is expressed in terms of ¢S polarizations and
slownesses in the direction of propagation. Using a ray theory ansatz, we show that
the resulting shear wave seismogram is equivalent to the coupling ray theory of Coates &
Chapman (1990) under the assumption of smoothly varying anisotropy. Here, we use
the forward-propagator method to calculate apparent shear wave splitting parameters
that can be compared directly with observations of teleseismic shear wave splitting. A
comparison with finite difference calculations is used to assess the validity of the method.
As an application we consider shear wave splitting due to a plume-type anisotropic upper
mantle structure. The anisotropy is assumed to result from the preferred alignment of
orthorhombic olivine. We show examples of waveforms and splitting parameters as
functions of backazimuth and angle of incidence. Anisotropic effects for SKS are weak
at stations near the central upwelling due to the combined effects of initial polarization
and olivine a-axis orientation. Here, the splitting parameters are irregular and fast-axis
directions may vary by up to 70° depending on the vertical incidence angle. At larger
distances splitting parameters slowly converge towards values expected for homo-
geneous media. The results suggest that direct evidence for mantle plumes from shear
wave splitting is more likely to come from (OBS) stations at some distance away from
the central upwelling. At shallower incidence, the apparent splitting parameters for S
exhibit a 90° periodicity as functions of the initial polarization of the incident shear
wave, provided that the ray path is kept fixed. Our results show that this is a general
characteristic of shear wave splitting in inhomogeneous anisotropic media. The effect
can be used to identify complex anisotropic regions within the Earth’s mantle.

Key words: 3-D media, mantle plume, shear wave splitting, weak anisotropy.

be calculated from the different ¢S phase velocities if the extent
of the anisotropic region is known. It is usually assumed that

The analysis of shear wave splitting observations is usually
performed in terms of the polarization direction of the fast
shear wave (¢) and the delay time between the fast and slow
shear wave (0¢) (e.g. Silver & Chan 1991; Vinnik & Kind 1993).
For a single homogeneous anisotropic region, the relationship
between the observed splitting parameters (¢, 67) and the aniso-
tropic properties of the medium is relatively straightforward:
given the elastic constants and the orientation (slowness) of the
incident wave front, shear wave phase velocities and polarizations
correspond to eigenvalues and eigenvectors of the anisotropic
Christoffel equation (e.g. Musgrave 1970). The delay times can
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seismic anisotropy of the upper mantle is caused mainly by the
lattice-preferred orientation (LPO) of orthorhombic olivine.
Direct evidence for this comes from petrofabric analyses of upper
mantle xenoliths and peridotites (e.g. Nicolas & Christensen
1987; Mainprice & Silver 1993; Peselnik & Nicolas 1978). The
crystal alignment is a response to the finite strain associated
with differential mantle flow, where the olivine a-axis tends to be
oriented parallel to the principal extension direction (McKenzie
1979; Ribe & Yu 1991; Wenk ez al. 1991; Silver et al. 1999). A
number of numerical studies have considered crystallographic
texture evolution in response to deformation and flow processes

507

220z sunr 9z uo 3senb Aq G/9/ 1.2/20G/E/SH L /S10IME/IB/W00"dnoolwapese//:SdjY WOy papeojumoq



508 G. Riimpker and P. G. Silver

in the upper mantle. The development of seismic anisotropy
has been investigated for passive and buoyant flows along a
spreading ridge (Blackmann ez al. 1996), and flows induced
by plate motion (Tommasi et al. 1996; Tommasi 1998) and
mantle convection (Chastel et al. 1993; Dawson & Wenk 1997).
Alternatively, the orientations of the crystallographic axes may
be constrained directly from the finite strain associated with
the flow field. This approach was used in the modelling of
mantle flows and anisotropy related to continental keels (Fouch
et al. 2000) and back-arc spreading (Hall et al. 2000). Upper
mantle regions of variable anisotropy are a common feature
in these numerical simulations. The polarization of shear waves
propagating in inhomogeneous anisotropic media may be
highly variable due to ray path curvature and changes in crystal
orientation. Consequently, the relationship between observed
fast polarization directions and the olivine crystallographic
axes is obscured.

For vertical shear wave propagation in layered anisotropic
media, the observations can still be characterized by two
apparent splitting parameters, ¢, and dz, (Silver & Savage 1994;
Riumpker & Silver 1998), provided that the dominant period of
the incident wave is large compared to the accumulated delay
time. Rimpker & Silver (1998) found systematic relationships
between ¢, and the horizontal a-axis orientations in a smoothly
varying medium. An important characteristic of layered aniso-
tropy is the 90° periodicity of the apparent splitting parameters
as functions of backazimuth. In this paper we show that the
concept of apparent splitting parameters also applies to general
anisotropic media provided that the anisotropy is relatively
weak, such that the ¢S ray paths can be approximated by a
single (reference) ray. Analytical expressions of apparent splitting
parameters have been derived for two-layer and multilayered
anisotropic media (Silver & Savage 1994; Riimpker & Silver
1998). Inversions of splitting observations based on these
models can be performed to resolve depth-dependent structures
beneath a station. However, this requires the determination of
splitting parameters for a wide range of initial polarizations
(or backazimuths in the case of core phases such as SKS).
The results of the inversion can be ambiguous and depend on
the assumed ‘starting model’ (Riimpker et al. 1999). Forward
calculations of splitting parameters have the advantage that the
results can be compared directly with splitting measurements
on observed seismograms. This avoids the additional step of
performing splitting measurements on synthetic waveforms. In
this paper we calculate apparent splitting parameters by applying
a forward-propagator formalism (Rimpker & Silver 1998) to
the rays in the 3-D medium. The complete forward-propagator
seismogram can be expressed in terms of a single matrix
operator applied to the incident waveform. The general form
of the operator remains the same for inhomogeneous and for
one-layer anisotropic media. The apparent splitting parameters
¢, and ot, can be defined by comparison between the two
operators.

In earlier studies, ¢S-wave seismograms for weakly aniso-
tropic media were derived on the basis of a representation
theorem (Coates & Chapman 1990) and by a ray theoretical
approach (e.g. Sharafutdinov 1994; Psencik 1998; Zillmer et al.
1998). In both cases, perturbation theory was used to derive
the seismograms, and the final expressions have been shown
to be identical (Psencik 1998; Zillmer et al. 1998). Under the
assumption of a common ray path, the methods describe
the coupling between the two shear waves, which is caused by

changes in polarization along the ray. Here we focus on the
derivation of apparent splitting parameters by using a straight-
forward generalization of the splitting operator formalism. It
turns out that the resulting seismogram is again equivalent to
the coupling theory of Coates & Chapman (1990). The appli-
cability to shear wave splitting calculations for typical upper
mantle anisotropic structures is assessed by comparison with
finite difference calculations using a parabolic approximation
method. As an application, we consider shear wave splitting
parameters for a simplified anisotropic plume structure.

2 THEORY

In this section, we describe a numerical formalism for the
calculation of the shear wave seismogram in general weakly aniso-
tropic media. Our goal is the application of this formulation to
the calculation of splitting parameters, which will allow direct
comparison with shear wave splitting measurements. We start
with the usual ansatz for the frequency-domain shear wave
displacement u (e.g. Silver & Chan 1991):

u=u(@)l-p, ey

where u(w) denotes the waveform of the incident shear wave, p
is the corresponding initial polarization and T is the splitting
operator, which usually accounts for the effect of a single aniso-
tropic layer on the vertically incident wave. The generalization
of (1) to multiple anisotropic layers in terms of a forward
propagator method is described in Riimpker & Silver (1998).
To derive a similar formulation for curved ray paths in 3-D
media, we use the fact that, in weakly anisotropic media, the ray
paths of the two ¢S waves are similar and may be approxi-
mated by the shear wave path in an isotropic reference medium
(Coates & Chapman 1990). We argue that anisotropic effects
may be accounted for by successive applications of splitting
operators along the reference ray. This approximation breaks
down in strongly anisotropic media where the (multiple) ¢S ray
paths may rapidly diverge. Note that this problem does not
arise for vertical one-way propagation in layered media due to
the unique ray path.

In view of the numerical calculations, we express the arc
length along the reference ray, x, in discretized form: x; =kAx,
where Ax denotes an incremental segment along the ray. The
corresponding incremental splitting operator at x; is given by

rk _ efimb'tk/Z fk fk +e+iw61k/2 §k§k , (2)
where
ot =[ps(xx) —pr(xx)] Ax, 3)

is the incremental delay time. The unit vectors f'k and §; are
the polarizations of the fast and slow shear waves at x;, and p;
and p, are the corresponding slownesses in the direction of
propagation. Both the polarizations and the slownesses in the
direction of the reference ray can be obtained from the eikonal
equation for the anisotropic medium (Musgrave 1970) using
standard numerical methods. Analytical expressions that are
valid in the limit of weak anisotropy have been derived by
Jech & Psencik (1989) using degenerate perturbation theory
(Landau & Lifshitz 1977). At this point, we are not concerned
with the details of these calculations. We note, however, that
the polarizations fk and §, are orthogonal in the limit of weak
anisotropy (Coates & Chapman 1990).
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A factor exp(iwpoAx), where po=(ps+pr)/2, is usually omitted
from the seismogram. Thus, the displacement is obtained in
the reduced time domain ¢’ =t —poAx. We continue by writing the
displacement at x;:

uy (f) fk + u(i) a (4)

where the orthogonality of fk and §; is assumed, and u ,
and u(s) are the corresponding displacement components. By
generahzation of (1), the effect of the incremental splitting
operator on the displacement may now be expressed in the form

w=Tuw . (5)

In (5) we assume that the operator I'; is given in matrix form,

u]((f') ( cos Aé, e—iwdl/2 sin A&, e—id1/2 > ug{le

uf) — sin A&, et/ cog AE) et i®dt/2 “521
(6)
where A, is defined by
f - B 1 = cos Ag, M
and denotes an angular change of polarization across Ax.
For given initial displacement components, u(()f) and u((f),

eq. (6) may be used to calculate iteratively the displacement
along the reference ray. We assume that polarizations and
slownesses along the ray have been obtained from the eikonal
equation for the anisotropic medium. The polarizations may
change discontinuously along the reference ray due to changes in
medium properties or related to slowness surface singularities
(e.g. Crampin 1981). No assumptions have been made regarding
the size of A¢,. However, in view of numerical calculations in
inhomogeneous media, we require that Ax is chosen sufficiently
small such that 07 (Ax)/Zdt,« 1, where X6t is the total
accumulated delay time along the complete ray path within the
anisotropic region.

Under the assumption of a smoothly varying weakly aniso-
tropic medium, it can be shown that our formulation (6) is
equivalent to the coupling ray theory of Coates & Chapman
(1990) (see Appendix A), which was derived on the basis of a
representation theorem for the displacement. This also implies
equivalence with the so-called quasi-isotropic approximation
(see e.g. Zillmer et al. 1998 for details).

In eq. (6) the displacement is expressed with respect to
f-§ coordinates, which are given by the rotating fast and slow
polarizations along the reference ray. For the application of
eq. (6) to the calculation of apparent splitting parameters, it is
convenient to express the displacement with respect to the ray-
centred coordinate system of the reference ray with mutually
orthogonal unit vectors (p, p,, X). In ray-centred coordinates
the polarizations p, p, do not change along the ray (Cerveny
1987). They may rotate, however, with respect to a global
(Cartesian) coordinate system. Also, for vertical propagation
or within a homogeneous reference medium, the Cartesian
components of p remain constant. For near-vertical incidence,
the two orthogonal vectors p and p, may be denoted as the
initial shear wave polarization and its orthogonal, or simply
the radial and transverse directions in the case of core phases
(e.g. Riimpker & Silver 1998).
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Thus,

fi cosgy  singy P P
(o) o)) o
8k —sing; cosdr ) \po P

where ¢, denotes the angular distance between f'k and p as
defined by

f-p = cos d . ©)
Also note that Aé; = ¢, —¢i 1. In view of (5), the displacement
along the reference ray may then be calculated from

u;(ﬂ T lrka lu(P) _r(l’) (Pl (10)

where T, denotes the transformation matrix defined by (8) and
the superscript refers to the ray-centred coordinate system.
In view of (6) and (10), the propagator l",(c”) can be given in
the form

) [ bk
= ‘ (11)
—br a
with
aj = cos 0y —isin 0y cos oy , b= —isin 0 sinay , (12)

and 0, = wdt;/2, oy =24, (the bar denotes the complex conjugate).

The propagator (11) is formally equivalent to the forward
propagator derived by Riimpker & Silver (1998) for vertical
propagation in layered anisotropic media. Consequently, the
expressions for apparent splitting parameters derived in that
paper may be applied directly to our present formulation.
Apparent splitting parameters can be calculated under the
assumption that anisotropic effects on the incident waveform
are caused by a single anisotropic layer (e.g. Silver & Savage
1994). In this case, the splitting may be characterized by only
two parameters: the apparent polarization of the fast shear
wave (¢,) and the apparent delay time between the fast and
slow shear waves (¢,). The parameters are meaningful only at
relatively long periods when multiple arrivals are indistinguish-
able. The expression (10 ) implies that this concept also applies
to general weakly anisotropic media and that, at long periods,
anisotropic effects along the reference ray may be characterized
by only two parameters. To derive the apparent splitting para-
meters for a ray segment ranging from x, to xy, where x,
corresponds to the initial point of anisotropy, we formally
equate

D) _ r([’) u(P) =KT, u(P) , (13)

where T /)= F(”) T{” is the complete forward propagator
and T, is the apparent splitting operator. The complex scalar
K accounts for an arbitrary time shift (Silver & Savage 1994).
Explicit expressions for ¢, and Jz, have been derived by
Riimpker & Silver (1998) and are also given in Appendix B.
The apparent splitting parameters exhibit a 90° periodicity with
respect to the initial polarization p of the incident wave. This
periodicity was first noted for vertical-propagation media with
two (Silver & Savage 1994) and multiple (Rimpker & Silver
1998) anisotropic layers. Here, it applies to a fixed (but arbitrary)
ray path in a general weakly anisotropic medium. Note that the
forward propagator is invariant to polarization changes ¢, + 7
(see eq. 12). Thus, eq. (13) can be applied without difficulty to
the numerical calculation of waveforms and splitting parameters
near slowness surface singularities.
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3 NUMERICAL EXAMPLES

3.1 Plume model

As an application of our method we consider the effects of
3-D anisotropic variations due to a simplified mantle plume
structure. The model is defined within the top 400 km of
the upper mantle with anisotropy due to the lattice preferred
orientation (LPO) of olivine crystals. Detailed modelling of
olivine texture development for plume-type mantle upwellings
is not yet available. Therefore, we have chosen a phenomeno-
logical approach and have designed a plume model in view of
mineral texture calculations for mid-ocean-ridge upwellings by
Blackman et al. (1996) (see also Blackman & Kendall 1997). The
authors discriminate between a passive, plate-driven upwelling
and a buoyancy-enhanced upwelling. The latter exhibits pro-
nounced vertical alignment of olivine a-axes near the ridge axis.
Both models are characterized by more or less horizontal a-axis
orientations at some distance away from the axis. Here, similar
to the plume modelling of Martin & Thomson (1997), we have
adopted the findings of Blackman et al. (1996). The resulting
3-D axisymmetric model is depicted in Fig. 1. Solid bars
denote the orientation of the olivine a-axis, the lengths of which
correspond to the strength of the anisotropy. The anisotropy
decreases gradually with increasing distance from the centre,
more rapidly at greater depth. At the centre the olivine a-axis
is aligned vertically; at larger distances the a-axis gradually
aligns with the horizontal. The width of the transition between
central and peripheral regions increases with depth. Olivine
elastic constants have been taken from Kumazawa & Anderson
(1969). We assume a peridotite mantle consisting of 70 per cent
olivine, 60 per cent of which exhibits a preferred alignment. The
complete elastic tensor is thus given by an anisotropic portion
of orthorhombic symmetry (due to aligned olivine) and a
remaining isotropic portion in the form

e =0.7x0.6

i T (1—0.7x0.6) ci/’,)d .

(14)

The isotropic background medium is assumed homogeneous
with isotropic velocities vp=9.2 km s !and vg=4.9 km s~ !,
which is close to the average velocity in the upper mantle at
400 km depth. Thus, we are ignoring the anisotropic con-
tribution of the lithosphere and also the possible interaction
between the upwelling and lithospheric plate movement (Ribe
& Christensen 1994; Savage & Sheehan 1999). However, within
our model this is justified due to the relatively large contri-
bution from anisotropy in the deeper parts of the upper mantle.
We follow the procedure of Kendall & Thomson (1993a) by
choosing the Voigt—Hill average velocities of the anisotropic
portion equal to the P and S velocities of the isotropic portion.
The resulting elastic medium exhibits an accumulated delay time
of 1 s over a distance of 150 km in directions perpendicular to
the g-axis. This corresponds to about 3 per cent of anisotropy,
which is compatible with measurements of velocity variations
on mantle xenoliths as described by e.g. Mainprice & Silver
(1993). The incremental splitting operator is calculated along
reference rays within an isotropic background medium with
elastic constants given by the isotropic elastic tensor in (14).

3.2 Testing the method

When applying the forward propagator to 3-D media we
assume that the ray paths of the two ¢S waves are sufficiently
close such that the separation between the rays is small and
their paths can be approximated by a single reference ray.
Media for which this approximation holds are denoted as weakly
anisotropic. It remains to be shown that this assumption
is justified in our modelling of relatively long-period wave-
forms such as SKS. Additionally, inhomogeneities of velocity
and anisotropy affect the wavefield within a certain volume
surrounding the reference ray. The forward propagator only
accounts for variations of anisotropy in the direction of the
reference ray path. We test the applicability of our method
to the modelling of upper mantle SKS propagation by com-
parison with a one-way finite difference method, which is based

3-D PLUME MODEL
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Figure 1. Olivine a-axis orientations for the upper mantle plume structure. (Diamonds are receiver locations for calculations given in Fig. 4.)
(Left) A vertical section through the centre of the 3-D axisymmetric model. The a-axes (solid bars) are vertical in the centre and align horizontally at
larger distances. The lengths of the bars correspond to the strength of the anisotropy. The b-axis lies within the plane of the paper perpendicular
to the a-axis. The c-axis points out of this plane. (Right) Bird’s-eye view of the plume structure. At the surface, the a-axes point in the radial
direction; they are vertical at the centre x =y =0. In our model, fast polarizations and backazimuths of 0° and 180° correspond to directions parallel
to the x-axis, whereas +90° corresponds to directions parallel to the y-axis. The solid lines denote (horizontal) ray path projections of examples

given in Fig. 6.
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on a parabolic approximation to the anisotropic wave equation
(Riumpker 1996). This method accounts for forward scattering
and wavefield smoothing effects in variable media at relatively
low frequencies. Wavefield calculations based on finite differ-
ence techniques are much more time-consuming, even in 2-D
media. Also, the direct calculation of splitting parameters is
not possible, as the displacement field cannot be expressed in
terms of a simple splitting operator. For the comparison, we
obtain splitting parameters by measurements on synthetic finite
difference waveforms using the usual grid-search method
(e.g. Silver & Chan 1991). For simplicity, we consider a 2-D
section of our plume model (the vertical plane at y=0 km).
A plane horizontal shear wave front enters the model at the
base and travels vertically upwards through the anisotropic
upper mantle over a distance of 400 km. Waveforms are
calculated for two cases: (i) the plane of propagation coincides
with the a—b symmetry plane of olivine—this corresponds to
the situation depicted in Fig. 1; (ii) the plane of propagation
coincides with the a—c symmetry plane of olivine. This case
is not directly linked to the flow field of our plume model.
However, it simply serves as an additional example for the
comparison between the two methods. In both cases the a-axis
is vertical within the central upwelling. For larger distances
the a-axis gradually aligns with the horizontal. There, either
(1) the b-axis or (ii) the c-axis is oriented vertically, parallel to
the direction of propagation.

To simplify the interpretation of the results we note that
for shear waves propagating parallel to the g-axis, the fast
polarization is oriented parallel to the h-axis and the splitting is
relatively weak (<1 per cent anisotropy). On the other hand,
for propagation along the b- or c-axis, the fast polarization
is oriented parallel to the g-axis, and the splitting is more
pronounced (&3 per cent anisotropy). Furthermore, within
the a—c symmetry plane of olivine, there are four directions
(about 15° away from the ag-axis) for which the ¢S-wave
speeds coincide, and where the medium is locally isotropic.
Polarizations along the reference rays are obtained from the
Christoffel equation, which is solved by numerical means. The
polarization directions are undetermined by +180°. However,
this has no effect on the evaluation of the forward propagator
(11) or the apparent fast polarization (B4). The delay time
is calculated from the slowness differences (p;—py) in the
direction of propagation at a given x;. To maximize the effects
of the anisotropy on the incident wave we choose an initial
polarization of 45° between the x- and y-axes (Fig. 1). The
initial waveform is given by the derivative of a Gaussian with a
dominant period of § s.

In Fig. 2, we compare apparent splitting parameters for the
two methods. The results for the forward propagator have been
obtained by direct calculation (using eqs B3 and B4) and, in
addition, by splitting measurements on synthetic waveforms
(10). The good agreement between calculations and measure-
ments indicates that calculated forward-propagator results may
be compared directly with measurements on finite difference
waveforms. Thus, any disagreement between calculated and
measured splitting parameters is most likely to be due to
inherent differences between the two methods. In Fig. 2(a), the
forward propagator predicts a fast-axis direction ¢,=0° for
the complete distance range, which is expected for propagation
within the a—b symmetry plane. The apparent delay time
exhibits variations between 1 and 1.6 s, with a minimum at
the centre of the model, where the a-axis is vertical, and the
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splitting in the direction of propagation is relatively small.
Close to the centre, the apparent fast axes for the finite
difference calculations are slightly more variable, while the
delay times agree well. This is probably due to stronger lateral
variations close to distances of +100 km (see Fig. 1). However,
the absolute differences are smaller than 7°, which is negligible
in view of measurements on real data. In Fig. 2(b), the forward
propagator predicts fast-axis directions of —90° within the
central region and of 0° for larger distances. This is expected
for propagation within the a—c plane as the out-of-plane b-axis
corresponds to the fast direction for propagation parallel to the
a-axis (Verma 1960). The apparent delay time varies between
0 and 1.7 s and exhibits minima at 4+ 100 km, which is related
to directions of local isotropy described earlier. Here, the
determination of splitting parameters fails due to the negligibly
small transverse component. The minima coincide with abruptly
changing fast-axis directions, where differences between the
two methods are most pronounced. Apparent fast axes differ
by up to 23°; the differences between the delay times remain
relatively small. Away from this, the agreement is good.

In view of these results we conclude that the forward
propagator can be applied effectively to the prediction of
splitting parameters in variable anisotropic regions. However,
a careful interpretation of the results is required whenever
the energy on the transverse component is relatively small,
which results in larger uncertainties for the apparent splitting
parameters.

3.3 Splitting parameters

Returning to the 3-D plume model, we calculate apparent
splitting parameters for receiver positions at various distances
from the plume centre (see Fig. 1). We consider SKS rays
entering the base of the plume region at incidence angles 0 of
5% and 25° (with respect to the vertical, Fig. 3). These values
approximately correspond to upper and lower bounds of SKS
incidence angles. As before, the reference rays propagate within
a homogeneous isotropic background medium. Ray curvature
is neglected as 6 varies by less than 5° between depths of 300
and 100 km (based on the IASPEI91 model of Kennett &
Engdahl 1991), which is negligible compared to effects due to
variations of anisotropy in our model. First, we analyse the
strength of anisotropic effects on the waveforms as a function
of backazimuth (see Fig. 3) and distance from the plume
centre. We consider a range of receiver positions along a profile
y=0, x>0. At each receiver, seismograms are calculated for
a range of backazimuths between 0° and 180°. For SKS the
backazimuth is equal to the initial polarization. The strength of
anisotropic effects is calculated from the quotient of energy on
the transverse and radial displacement components, g = E/E,.
Obviously, ¢=0 in the isotropic case. However, we also have
¢=0 whenever the initial polarization is oriented parallel to
the fast or slow polarization along the complete ray path.
Anisotropic effects are most pronounced in regions where
g~ 1.

Fig. 4 shows contours of ¢ for the two incidence angles of
5° and 25°. In both cases, values of ¢ are largest at distances
between about 150 and 450 km. In our model, anisotropy
decreases continuously with distance. However, for rays arriving
at a receiver directly above the centre, the fast polarization
direction is always parallel to the radial direction (for any
backazimuth). In addition, the anisotropy is relatively weak for
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Figure 2. Apparent splitting parameters along a profile (y=0) through the centre of the plume. Calculated splitting parameters (solid lines) are
compared with measurements on forward-propagator waveforms (crosses) and on finite difference waveforms (circles). The results are given for
vertical incidence with an initial polarization of 45° between x and y. The dominant period is 8 s. (a) The orientations of the olivine crystallographic
axes are the same as in the plume model of Fig. 1. (b) The b-axis and the c-axis are exchanged.

propagation parallel to the a-axis. Both effects cause small
values of ¢ near the centre (x <100 km). At relatively steep
incidence (0 = 5°), values of ¢ remain small for backazimuths of
0°, 90° and 180°. These values correspond to the dominant fast
and slow polarization directions in the medium. This effect is
somewhat smeared out for more oblique incidence (0 =25°). As
a result, values of ¢ are largest near a backazimuth of 90°.
Now we consider four receiver positions (Fig. 1) along the
profile (y=0) in greater detail. At each receiver, apparent
splitting parameters are calculated for a complete range of
backazimuths from 0° and 358° at increments of 2° (Fig. 5).
The splitting parameters as functions of backazimuth exhibit
symmetries due to the axial symmetry of the plume model:
the apparent delay times are symmetric with respect to back-
azimuths of 0° (or 360°) and 180°. The apparent fast polarization
directions exhibit a similar symmetry when further reflected
with respect to ¢, =0°. However, as expected for 3-D variations
of anisotropy and oblique incidence, the apparent splitting
parameters are non-periodic with respect to backazimuth. The
backazimuthal variations are less pronounced at near-vertical
incidence (0=5°). Note that at strictly vertical incidence the
splitting parameters are independent of backazimuth or initial

polarization in our model. This is because the fast polarization
direction, which remains within the a—b symmetry plane
(parallel to the x-axis), is independent of depth. (For vertical
propagation the fast polarization is parallel to the azimuth of
a given receiver position. Along the x-axis this corresponds
to ¢,=0°)

In our examples, at 0=5°, the apparent fast polarization
varies between ¢, = +25° and the apparent delay time between
0t,=0.5s and or,=2.1 s. Closer to the centre, ¢, is more
variable, reflecting the more rapid variations of anisotropy
within the medium. For larger distances the apparent splitting
parameters converge towards the values expected for vertical
incidence (¢, =0°, dz,=1.3 s). Rapid variations of d¢, occur near
backazimuths of 90° and 270°. Anisotropic effects, however, are
relatively small for these directions as the initial polarization is
more or less parallel to the slow polarization direction within the
medium.

For 0=25°, the apparent splitting parameters are more
variable with both changes in backazimuth and increasing
distance from the centre. At 50 km the apparent fast polar-
izations cover the entire range between +90°. However, pro-
nounced splitting only occurs for backazimuths between 45°
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Figure 2. (Continued.)
and 135° (and similarly between 225° and 315°), where ¢, varies propagation occurs within the a—c symmetry plane. Thus, as 6
linearly from 45° over +90° to —45°. The corresponding delay is relatively large, the fast polarization is close to ¢, = +90° for
times are close to 1 s. Note that the ¢-axis at this distance is much of the ray path. At larger distances (300 km) the a-axis is
near-vertical, such that for backazimuths near 90° much of the more horizontal and fast polarizations along the rays are closer

y
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Figure 3. Parameters of the incident ray with respect to the coordinate system used in Fig. 1. (a) The backazimuth ¢, and the vertical angle of
incidence 0. (b) The angle ¢; is given by the projection of the incident shear wave polarization into the horizontal plane. For core phases such as SKS

the angle ¢; is equal to the backazimuth ¢y,.
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Figure 4. Contours of the relative energy on the transverse displacement component, g = E,/E,, as functions of backazimuth and distance from the
plume centre. The receivers are located along y=0. The vertical angle of incidence is (a) 6=5° and (b) 6 =25°.

to the a-b symmetry plane. Thus, ¢, is less variable with values
between +50°. The delay time exhibits variations between 0.5
and 2.5 s; this is most pronounced near backazimuths of 150°
and 210°, where delay times change by about 2 s. At 600 km,
the splitting parameters are most variable at backazimuths
of about 120° and 240°. Here 6¢, exhibits extreme values of 0.5
and 3 s, and ¢, changes by about 40°. However, ¢ values are
relatively small in this case.

3.4 Effects of backazimuth and initial polarization

In an isotropic radially symmetric earth the initial polarization
of SKS is equal to the backazimuth of the source location (see
Fig. 3). The phase enters the upper mantle region at relatively
steep angles 0 <25°. At shallower incidence (in the case of S),
the initial polarization can usually be determined from a
moment tensor solution or, at sufficiently long periods, directly
from a particle motion analysis at the receiver. In this section
we study the effects of the initial polarization of S in more detail.
In Fig. 6, we show ‘true’ fast polarizations along reference ray
paths for shear waves that enter the upper mantle model at a
(vertical) incidence angle of 30°. To account for the effects of
azimuthal variations we chose backazimuths of ¢, =40°, 100°,
160° at a fixed receiver position of 300 km. (We found that
variations of fast polarizations along ray paths are somewhat
more pronounced at intermediate receiver distances between
about 200 and 400 km.) Due to the symmetry of our model,
the results remain unchanged with respect to sign changes of
backazimuth. Near the surface, where the g-axis is parallel to
the x-axis, the fast polarization is close to 0° for the three cases.
Initial values at 400 km depth vary between —30° and 80°. For
¢ =160° the fast polarization changes most rapidly at a depth
of about 150 km. These results correspond to the surface-
projected ray paths given in Fig. 1. Accumulated delay times
increase continuously along the rays and reach values between
1.3 and 2.8 s. For ¢, =160° the ray passes by the centre of the
plume most closely (see Fig. 1).

To understand the variation of fast polarizations for this
case (¢,=160°) in detail, we show fast polarizations that
have been calculated from the elastic constants c;; (eq. 14 ) at
five different positions along the reference path (Fig. 7). The
polarizations are given at angular distances between 0 =0° and
30° from the vertical, and for the complete azimuthal range
(360°). The polarization at the centre of each figure corresponds
to the fast polarization of a vertically travelling shear wave
(at the given position). Initially, at 400 km depth, the reference
ray is close to the central upwelling, where the g-axis is nearly
vertical. Here, the fast polarization for vertical propagation is
oriented at about 45°, which is in correspondence with the
(momentary) azimuthal position of the ray (¢f Fig. 1). With
decreasing depth, the reference ray travels closer to the x-axis
and the central fast polarization changes continuously to reach
a value of 0° at the surface. The fast polarization for a ray at
¢,=160° and a vertical incidence angle of 30° changes most
rapidly in the depth range between 200 and 100 km, where the
anisotropy is weakest. This corresponds to the results given in
Fig. 6.

In Fig. 8, we show the corresponding apparent splitting para-
meters as a function of the initial polarization ¢;. For ¢, =40°,
the apparent fast polarization ¢, is close to 20° for most values
of ¢;, and it is approximately equal to the average fast polar-
ization within the medium. The apparent fast axis changes
abruptly from ¢,=20° to —60° near ¢;= 20°. This is similar
for models with continuously varying anisotropy (Riimpker &
Silver 1998). The apparent delay times exhibit values between
0.5and 4 s. For ¢, =100°, the variations of splitting parameters
occur over a larger range between ¢; =45° and ¢; =70°. Within
this range the differences between ¢, and true fast polarizations
in the medium are most significant. For ¢, =160° apparent delay
times are smaller. The splitting is relatively weak in the range
where the apparent splitting parameters vary most. Otherwise,
¢, s close to 0°, which is about the average fast polarization in
the medium along the reference ray (Fig. 6).

The calculation of apparent splitting parameters breaks
down at higher frequencies when more than two parameters
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Figure 5. Apparent splitting parameters for SKS as functions of backazimuth at four receiver positions along y =0 (Fig. 1). The values are given
for incident angles of (grey) 6=5° and (black) 0 =25°. The smaller symbols denote relatively weak effects of anisotropy with values of ¢ <0.15.

The dominant period is 8 s.

are required to characterize the anisotropic effects. To study
teleseismic splitting effects at shorter periods (7=2 s), we show
waveforms corresponding to the ray paths assumed in Fig. 6.
The results are given at four initial polarizations, ¢;=0°, 30°, 60°
and 90° (Fig. 9). We assume a Gaussian incident waveform to
simplify the interpretation of the results. The effects of anisotropy
are somewhat more drastic for the first two examples (¢, =40°
and ¢, =100°), which is in agreement with larger accumulated
delay times. In both cases there are distinct fast and slow arrivals
that are separated by about 2 and 3 s, respectively. The individual
arrivals exhibit both radial and transverse components, which is
in contrast to the characteristics of longer-period shear wave
splitting. A single dominant (fast or slow) arrival occurs when-
ever ¢; is parallel or perpendicular to the fast polarization at the
base. This is the case for ¢;=30° (at a backazimuth ¢, =40°) and
for ¢;=0°, 90° (at a backazimuth ¢, =100°). The accumulated
delay time is relatively small for ¢, =160°, which is related
to large-amplitude arrivals with little time delay (or advance).
The short-period waveforms shown here do not exhibit the 90°

© 2000 RAS, GJI 143, 507-520

periodicity of the long-period apparent splitting parameters. For
example, the waveforms at ¢;=0° and ¢;=90° are time-reversed.
However, this relation is strictly valid only for (unrealistic)
Gaussian and similar symmetric waveforms.

4 DISCUSSION AND CONCLUSIONS

We have applied the forward-propagator method to calculate
apparent splitting parameters and waveforms for weakly aniso-
tropic 3-D media. The incremental propagators are constructed
from local values of the fast polarization and of the ¢S slowness
differences along a reference ray in an isotropic background
medium. The complete propagator is then obtained by matrix
multiplication. The method allows the calculation of two
apparent splitting parameters that can be compared directly
with results from splitting observations. In smoothly varying
media the forward-propagator seismogram is equivalent to the
common ray theory of Coates & Chapman (1990).
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The comparison with finite difference calculations shows
that the method may be applied to the forward modelling
of shear wave splitting in media with complex variations of
anisotropy such as mantle plumes and subduction zones. It
can be used to combine fluid dynamic and seismic modelling
to study the wave effects of upper mantle deformation and
flow processes. However, the method is not applicable to
strongly anisotropic media, where the two ¢S waves propagate
independently along separate ray paths. Thus, it is more
appropriate for long-period teleseismic S and SKS phases.
Also, since the calculations are based on rays in an isotropic
reference medium, the method is limited in situations where
isotropic ray theory can be used. Regions with wave front
triplications due to slowness surface indentations are therefore
excluded (Rimpker & Thomson 1994). For relatively plane
and long-period teleseismic phases, the effect is probably not
significant. In principle, this limitation can be overcome by
combination with slowness integration methods (e.g. Kendall
& Thomson 1993b).

We have applied our method to the calculation splitting
parameters for plume-type anisotropic variations in the upper
mantle. For an incoming SKS wave, the waveforms and splitting
parameters exhibit the following characteristics.

(s)
fast polarization direction accumulated delay time

Figure 6. The true fast polarization directions and the accumulated delay times as functions of depth for three reference rays arriving at the
receiver with coordinates x =300 km and y =0 km (see Fig. 1). The results are shown for reference rays with backazimuths of 40°, 100° and 160°.
The vertical angle of incidence is 30° for the three cases.

(1) Anisotropic effects on waveforms are expected to be weak
for rays that arrive at receivers above the central upwelling
at radial distances <100 km. This is due to the combined
effects of initial polarization (backazimuth) and vertical g-axis
orientation. Anisotropic effects are expected to be most pro-
nounced at distances between 150 and 450 km, where the g-axis
aligns horizontally in the upper part of the model. This
corresponds to backazimuths close to +45° and + 135° at steep
incidence (5°), and to backazimuths close to +90° at shallower
incidence (25°) (see Fig. 4).

(2) The average delay times reach a maximum at a distance
of about 300 km away from the centre (see Fig. 5). The initial
increase is a result of the reorientation of the a-axes from the
vertical to the horizontal direction. Observations of delay-time
increases with distance from an ocean ridge at stations near the
East Pacific Rise (Wolfe & Solomon 1998) may possibly result
from a similar mechanism.

(3) The variability of the apparent splitting parameters as
functions of backazimuth increases for stations that are closer
to the central upwelling and for rays at shallower incidence
angle (see Fig. 5).

(4) At stations near the central upwelling, the apparent
fast polarizations at steep incidence cover an angular range of

© 2000 RAS, GJI 143, 507-520

220z sunr 9z uo 3senb Aq G/9/ 1.2/20G/E/SH L /S10IME/IB/W00"dnoolwapese//:SdjY WOy papeojumoq



Splitting parameters for mantle plumes 517

ray
projection

Figure 7. Fast polarizations (solid bars) calculated from the elastic constants at five positions along the reference ray path with a backazimuth of
160° (Figs 1 and 6). Values in kilometres denote depth. The fast polarizations are shown at increments of 10° for both backazimuth and vertical
angle of incidence. The large circle corresponds to a vertical incidence angle, 6, of 30°. The small circles indicate the fast polarizations for a ray with
a backazimuth of 160° and a vertical incidence angle of 0=30°, which corresponds to the third example given in Fig. 6. The bars are scaled

with respect to the strength of anisotropy.

about 50° as functions of backazimuth. The results at shallower
incidence are even more variable but the anisotropic effects are
less pronounced for a wide range of back azimuths (see Fig. 5).
For a given backazimuth, apparent fast polarizations for the
two extreme angles of incidence may differ by up to 70°.

(5) At larger distances (>100 km), splitting parameters
slowly converge to values expected for homogeneous media. The
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Figure 8. Apparent splitting parameters for S as functions of initial
polarization for the three reference rays (¢, =40° 100°, 160°) of
Fig. 6. Large symbols correspond to values of ¢ >0.15. The dominant
period is 8 s.
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observed fast axes are more or less parallel to the horizontal
flow directions. The average delay times decrease further with
increasing distance.

For teleseismic S at an incidence angle of 0 =30°, we observe
the following.

(1) For a fixed ray path the apparent splitting parameters
exhibit the familiar 90° periodicity as functions of initial
polarization (not backazimuth!).

(2) Generally, the apparent fast polarizations are close to the
average fast polarization in the medium along the reference ray.
Larger deviations coincide with rapidly varying apparent delay
time as a function of backazimuth.

(3) Shorter-period (T=2 s) waveforms show distinct fast and
slow arrivals, each containing radial and transverse displacement
components. The corresponding displacement amplitudes are
sensitive to the initial polarization.

Note that the distance estimates given here only apply
to the specific plume model used in our calculations. However,
we think that the model exhibits general characteristics of
plume-type upwellings in the upper mantle and that the results
provide a guide for future modelling based on mineral texture
development. Our results indicate that direct evidence for
mantle plumes from shear wave splitting is more likely to
come from stations at some distance away from the central
upwelling. This suggests the deployment of OBS stations
around proposed mantle plumes such as Hawaii or Galapagos
to detect their characteristic flow fields in future seismological
experiments. The calculation of splitting parameters based
on fluid dynamical models of mineral texture development
is the next step in our effort to model anisotropic mantle
plumes.
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APPENDIX A: COMPARISON WITH
COUPLING RAY THEORY

We show the equivalence of the forward propagator and
the coupling ray theory of Coates & Chapman (1990). First, the
right-hand side of (6) is multiplied by the previously omitted
factor, explio(p,—ps)Ax/2], which accounts for the correct
advance of the reference ray in the time domain. In view of (3),
this leads to

uff) < cos A& eTiorrAx  gin AE etiorrAx > u}é/,)l

(5)

(5)
U

— sin A(f e+i(z)prx cos Af e+iwp,\-Ax ul

(AD
Furthermore, we take a ray ansatz of the form
- . X TS N . x+Ax "
) = UL, el nOe 0 g gt [0 (69

(similarly for u}f),l, u;&s)), where Uff,)l and U,((‘D denote the ray
amplitudes before and after the ray has passed the incremental
distance Ax, respectively. The corresponding time advance
is accounted for by the phase factor. After multiplying the
first equation (A1) by exp[—iw L} pr(0)d(] and the second by
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exp[—i [, ps(()d(], we obtain a system for the ray amplitudes:

U,((f) cos A¢ sin A& gtio )y (=
(s - ) i X B
U —sinAée io [, (ps=p)dt cos A¢
f)
Ui
X , (A3)
(5)
Uy

where we have used the fact that p,Ax may be expressed as
ji+A“\pf(§)dC (similarly for p,Ax). Taking limiting expressions

such as

i G0 ) _du

Ax—0 Ax dx (A4)

yields a differential system for the ray amplitudes,

48 vio [ (p-ppdc

0
d ( Y )) ~ dx
dx \ ys _dE i [ (pppac

dx

U
X ( ) , (AS)
U®

where we have used the fact that cos Aé—1 and sin AE—>A¢E
in the limit Ax—0. We thus assume the continuous variation
of polarization ¢ along the reference ray. The system (AS5)
formally agrees with the coupling equations of Coates &
Chapman (1990, eq. 31). The coupling coefficient d&/dx relates
directly to the rotation of polarization along the ray path; the
exponential accounts for the accumulated separation between
fast and slow shear waves. A slightly modified version of (A5)
was used by Chapman & Shearer (1989) to study coupling
effects due to slowness surface singularities (e.g. Crampin 1981)
in laterally homogeneous media. The combination with 2-D
Maslov slowness integrals allows coupling calculations for
complex wave front features such as cups and swallowtails
(Rimpker & Thomson 1994). We have shown that the two
formulations (6) and (A5) are equivalent under the condition
that the polarization ¢ is smoothly varying along the reference
ray. Strictly speaking, (AS) is not valid whenever polarization
changes discontinuously, for example, at slowness surface
singularities. However, meaningful numerical results may still
be obtained (see Coates & Chapman 1990). Such problems
can be avoided by use of the forward-propagator method for
the calculation of the displacement. The propagator is given in
terms of incremental delay times and polarization, which can
be calculated easily for a given reference ray in the anisotropic
region.

APPENDIX B:
PARAMETERS

APPARENT SPLITTING

Apparent splitting parameters can be calculated under the
assumption that anisotropic effects on the incident wave-
form are caused by a single anisotropic layer. In this case, the
splitting may be characterized by the apparent polarization of
the fast shear wave (&,) and by the apparent delay time between
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fast and slow shear waves (d¢,). The expressions for apparent
splitting parameters in multilayered media (Riimpker & Silver
1998) can be applied directly to our present formulation for
3-D weakly anisotropic media.

Writing the initial displacement of a ray incident from an
isotropic region in the form uy=ue(p, 0)', eq. (13) can be given
in the form

()05 20
_ =K{ ; (BI)
—b a 0 —by @y 0

where a, b are the elements of the complete forward propagator
FZ(V”} and a,, b, are elements of the apparent splitting operator
I',. Using (12), the latter are given by

a, = cos 0, —isin 0, cos oy, by, = —isin0O, sin o . (B2)

The elimination of K and separation into real and imaginary
parts yields
—hR —bf

tan 6, = - = -
a'sino, —blcosa, bR cosa, +aR sina,

(B3)

(superscripts denote real and imaginary parts), which, after
elimination of tan 0,, yields

(B +(B')
tan o, = B —aR bR (B4
where
Oa=wdtal2, oty =2(da— ) (BS)

and ¢q denotes the polarization direction of the incident shear
wave with respect to a global coordinate system.
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